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Flight Motion of a Continuously Elastic Finned Missile
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The motion of elastic finned projectiles has been analyzed by various approximatetheories. The correct equations
of small-amplitude motion are derived for a symmetric missile. The aerodynamic and elastic symmetries are used
to allow the use of complex variables to describe the lateral motion in a nonrotating coordinate system. Although
the resulting equations are both ordinary and partial differential equations, frequencies and damping rates of
free oscillations are obtained from an ordinary differential equation with boundary conditions. The induced drag
coefficients for each mode are computed as functions of the missile’s elasticity. Equations for a permanently
deformed bent missile are derived, and an ordinary differential equation for the forced motion of a bent missile
is obtained. Sample calculations for a finned projectile with fineness ratio of 20 show resonant motion at the
aerodynamic frequency, as well as at each elastic frequency. The nonlinear roll moment associated with a bent
missile is computed and the location of possible spin-yaw lock-in is determined.

Nomenclature

A(x) = local cross-sectional area
Cpp = Dbase pressure coefficient
cp(x) = dragforce distribution function
csi(x) = aerodynamic force distributions functions
d = rod diameter
E = Young’s modulus
F = complex transverse aerodynamic force, F) + iF.
If = aerodynamic force exerted on missile, (Fy, Fy, F.)
F, = complex aerodynamic shear force on rod at x
Fy = complex beam damping shear force on rod at x
F, = complex beam elastic shear force on beam at x
81 = I /md2
& = I/md’
8 = pV3S)2
& = g/md
g3 = pVS8d/2m
84 = glL/wg
H = angular momentum of missile, (H,, H,, Hy)
1 = area moment of rod,

(d)* // y2dydz = (d)* // 22 dydz
I, = moment of inertia of disk normal to symmetry axis
I = transverse moment of inertia of rigid projectile
I, = axial moment of inertia of rigid projectile
I{z} = imaginary part of z
21, = moment of inertia of disk about symmetry axis
k = beam damping coefficient
L = rod length/rod diameter
M = complex transverse aerodynamic moment, M, + iM.
M = aerodynamic moment exerted on missile,

(M., M,, M)
M, = complex elastic moment on rod at x, M,, +iM,.
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angular velocity of central disk, (p, g, r)

rigid projectile zero-spin frequency
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EI(L/md)



90 MURPHY AND MERMAGEN

Subscripts

B = parameter for bent projectile
BF = bent fin parameter

E = elastic coordinate parameter
T = trim motion parameter
Superscripts

A = parameter for bent missile

- = elastic parameter for bent missile

Introduction

ODERN antitank kinetic energy projectiles have become

very long-finned missiles carrying very dense metal rods. Be-
cause these projectiles have to resist very large aerodynamic loads
dueto theirhigh-velocityflightat sealevel, designershave been con-
cerned about the possibility of aeroelastic deformations.! = There
is some evidence that a small number of these projectiles have been
forced to spin at rates close to the their lowest elastic frequency
and have been subject to large inelastic deformations. According
to linear theory, the spin should symtotically approach its design
steady-state value. Nonlinear spin moments, however, can cause
the spin to lock-in at the spin associated with large resonant trim
motion. In Refs. 3 and 5, special solutions have been developed that
showed spin lock-in at the lowest elastic frequency.

Mikhail® used an incorrect expression for the angular momen-
tum and assumed erroneously that a spinning elastic missile could
perform planar flexing motion and a planar pitching motion in a
coordinate system rotating with the missile. His numerical calcula-
tions, however, showed examples of spin lock-in when fin damage
produces a roll inducing moment sufficient to cause a steady-state
spin greater than the lowest elastic frequency and initial spin was
zero. Heddadj et al.* approximated an elastic missile by two rigid
bodies elastically connected and studied the transient motion of
these bodies, but did not consider spin lock-in.

Murphy and Mermagen® approximated the continuously elastic
missile by three rigid bodies connected by two massless elastic
beams and derived differential equations of motion for this three-
body system. The equations showed that it is impossible to cause
spin lock-in by roll inducing moment and zero initial spin alone. In
Ref. 6, it was shown that the combination of an offset center of mass
and a trim pitch moment creates a nonlinear roll moment that can
produce spin lock-in at the aerodynamic frequency. The rear beam
of the three-body theoretical model was given an inelastic lateral
deformation, and spin lock-in at the lowest elastic frequency was
observed.

Because the approximate equations in Ref. 3 are far from being
theoretically correct, those results can be dismissed. The equations
in Ref. 5 are valid, but the use of the three-body model is a major
simplification of the actual physical problem. It is the purpose of this
paperto derive the correctequations for the small-amplitude motion
of a continuously elastic symmetric projectile. This derivation ex-
ploits the missile’s aerodynamicand elastic symmetry by describing
the transverse motion with complex variables and using a nonrotat-
ing coordinate system with its much simpler equations of motion.

Although the resulting equations form a combination of ordi-
nary and partial differential equations containing integrals of the
elastic deformation, free oscillations and constant-spin trim motion
of a bent missile can be computed from fourth-order ordinary dif-
ferential equations. Induced drag for various free oscillations are
deduced as quadratic functions of their amplitude. Quadratic roll
moments associated with a bent missile are formulated for trim mo-
tion. Equilibrium spins that can cause spin-pitchlock-in are located.
Numericalintegrationof the complete set of partial and ordinary dif-
ferential equationsfor varying spin would be necessary to verify the
actual occurrence of lock-in. The three-body theory of Ref. 5 would,
however, be a good indicator of this lock-in behavior.

Coordinate System

If we consider a symmetric missile with no elastic flexing, we can
define a nonspinningcoordinate system with origin at the rigid mis-
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Fig.2 XY coordinates of cross-sectional disk.

sile’s center of mass and X axis directed along the axis of symmetry.
The Z axis is perpendicular to the X axis and initially downward
pointing, whereas the Y axis is determined by the right-hand rule.

The elastic missile is assumed to consist of a very heavy elastic
circular rod of diameter d and fineness ratio L embedded in a very
light symmetric aerodynamicouter structure that may be longerthan
the rod. We will conceptually slice the missile into a large number
of thin disks perpendicularto the X axis with thickness dx. For the
elastic rod, an elastic nonspinning coordinate system is defined so
that its origin at the center of the central disk, and the X axis is
tangent to the rod at this point.

This elastic coordinate system can be specified with respect to
Earth-fixed X,Y.Z, coordinates by pitch angle 6 and yaw angle
Y. When the rod flexes, the disks shift laterally perpendicular to
the X axis and cant to be perpendicular to the centerline of the
disks. Figures 1 and 2 show the coordinates of a cross-sectional
disk. It will be convenient to use nondimensional coordinates:
x=X/d,y=Y/d,andz=Z/d.

The angular velocity of the central disk in these nonspinning
coordinates is defined to be the vector

w=(p,q.r) = (.6, V) (1)

Because the coordinate system pitches and yaws with the missile
but does not spin, its angular velocity vector is

Q=(0,q,1) 2

A dimensionlessvector specifies the location of the displaced center
of a disk at x with respect to the origin of the elastic coordinate
system:

Op(x,t) =[x,8g,(x, 1), 8E-(x, 1)] 3)

The elastic coordinate system has been defined to move, pitch, and
yaw so that

8py(0,1) = 85:(0,1) =0 “)
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For small angles, the velocity of the central disk can be defined
to be

V=(V,Va,Vp) (6)
The mass of the very light aerodynamicstructure will be neglected,
and the linear density of the projectileis, therefore, p; =m/Ld. The
lateral location of the center of mass of the flexing elastic missile is

0. = (0, 8y, 5c:) (M

where
X2
8, = (l/L)/ 8pjdx
X1

The time derivative of any vector in the elastic coordinate system,
R = (ry, ry, r.), can be computed by the usual formula,

oR
— = (P, Fy, 7))+ QO XR ®)
ot ’
where
8 .
)
’ ot

The velocity of the center of mass can be expressed by the relation
V.=V +(0,8y,8.)d +Q x d.d )

Finally the velocity of the any disk has a relation similar to that for
Ve,

V=V + (x,85y,8¢.)d +Q x dpd
=V, + (x,8,,8.)d +Q x d (10)

where
6= 6(1 - 5(' = ('xv 5;’9 5:)

Center of Mass Motion
If the aerodynamic force acting on the missile is denoted by
F = (F\, F,, F.), the center of mass motion of the projectile must
satisfy the usual Newtonian equation:

mdv" =F (11)
dr

The linearized x component of this equation becomes
mV = F, (12)
Therotational symmetry of the missile can be exploited by multiply-

ing the z componentequation by i and adding it to the y component
equation,

mE+VeE+S, —iVO)=F (13)
where
§=pB+ia, Q=gq+ir
8¢ = 8y +8ec, F = F, +iF.

Angular Motion of the Projectile

Eachdiskis cantedat the angle I'y in the XY plane and I'.in the XZ
plane. The moment of inertia of the disk normal to its symmetry axis

is I, = (d*/16)p; dx, and the moment of inertia along the symmetry
axisis 2/;. In a coordinatesystem aligned with the symmetry axis of
the disk, its angular velocity is (py, ¢ +T'., r —T') and its angular
momentum is [21,p4, 1,(q +T.), 1;,(r —Ty)].

Because spin—yaw lock-in is a nonlinear quadratic process, it
is necessary to retain quadratic terms in the spin equation. The
quadratic approximation to the unit vector along the symmetry axis
of a disk is

es=[1-(3)(r2+1?),1,,1.] (14)

The quadratic approximationto the angular velocity along this axis
is

pa=e;ow=p(l—TT/2)+ql, +rT. (15)

In the elastic coordinate system, the angular momentum of a disk
with respect to its center of mass is

h(l(pld)dxz(hxvhyvh:) (16)
where
h =[2ps(1—TT/2) +T,(g +T:) + T.(r = Ty

hy = (q+T.+2pT)I,, h.=(r —T,+2pT),

According to Newtonian mechanics, the derivative of the angular
momentum of a system with respect to its center of mass is equal to
the external moment with respect to its center of mass. The angular
momentum of the elastic missile with respect to its center of mass
is

H =/ hy + (0 = 6.) x (Vy = Vol(pid)dx  (17)

Equations (9) and (10) can be employed to yield the three compo-
nents of the angular momentum vector:

H, = I.p+md*R{J;, — QJs} (18)

where J; are defined in Appendix A.

If the missile is assumed to fly at constant pitch angle and its
deformed shape is rotating as a rigid body (Q =0, § =ips), the
axial angular momentum is

=1p (20)

oo (2L [ [T
e L )], 16

Mikhail® computed |5(7)|? for a flexing missile, neglected the |T"|?
term, and assumed that Eq. (20) was valid for the axial angular
momentum for any motion. This assumptionis clearly incompatible
with Eq. (18).

The derivative of the angular momentum vector specified by
Eq. (17) is equal to the aerodynamic moment:

where

dH

— =M= M, M, M. 21
7 M= MMy, M) 2y

For a slender missile, Jg can be neglected in comparison with Js.
The differential equations for the missile’s angular motion are

L,p+md*R{J; — QJs} = M, (22)

LQ —ipl,Q +imd*Js = M (23)
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Aerodynamic Force

The aerodynamic force acting on a rigid projectile is usually as-
sumed to be proportionalto &, Q, and their derivatives. For an elastic
missile, a local aerodynamic force needs to be defined in a similar
manner. The x coordinate of a point on the rod axis lies between
x; =—L/2 and x, = L /2. The aerodynamic structure incasing the
rod can have a nose windshield of length x,3d, and its fins could
extend beyond the end of the rod by the distance xo;d. Thus, the
aerodynamic force is exerted from xo = x; — Xxo; to X3 =X + xp3. If
we assume the aerodynamic structure to be quite rigid beyond the
ends of the rod,

Sp(x,0) =8p(x, ) + (x —x)I(x, 1) X <x=x (24)

Sp(x,t) =8 (x0, 1) + (x —x0)(x2, 1) X <x <x3 (25

The transverse aerodynamic force exerted on a disk located at x
will be assumed to have the form appropriate to a pointed slender
body.” Thus, the force will be proportional to the local angle of
attack and its modified time derivative:

or

d
dF=a—xdx=—gl|:cf1n+cfz(ﬁ+iQ)<7>}dx (26)

where F' = F, +iF, c;,(x) are two normal force distribution coef-
ficients per axial length, and 7 is the local complex angle of attack.
The distribution functions derived for Munk’s airship theory® (also
see Ref. 7) are, for example,

Cfl = _Z_Sil

- Cpp =248 27

A general pointed slender body relationshipbetween c;y and ¢, is

Cf2=_/ Cfldx (28)
X3

In Ref. 9, computer programs for calculatingc s, for finned missiles
are given.

The complex angle between the missile’s centerline described by
Sg(x,t) and the X axis will be denoted as I' and it is the spatial
derivative of 6:

= % = 8—5 29)
ox 0x
The local angle of attack is the angle between the velocity vector
and the surface of the missile, which is assumed to be parallel to the
centerline,

n=4&+ @ —ixQd/V —T (30)

Equation (30) can be differentiated to yield a relation for 7. For
the aerodynamic frequency and lower flexing frequencies, the an-
gularaccelerationtermsin §z and Q are small and can be neglected:

n=§-T 3D
The total transverse aerodynamic force acting on the missile can
be obtained by integrating Eq. (26) from x to x3:
F = =8i[Cyo + Cra(§d/V) +iCyy(Qd/ V)
RACRFACICAR (32)

where Cy are listed in Appendix B and J;(7) are listed in Ap-
pendix A. The axial aerodynamic force is directed along the X axis
and can be approximated by use of an axial drag coefficient per
length and a base pressure drag coefficient ¢p p,

Fy =—-g,Cpx = —-gCp (33)

where

X3
Cpx =/ cp(x)dx + ¢cppp

X0

Equations (12) and (33) yield the well-known drag equation
mV = _glCD (34)

Equations (13) and (32) can be combined to yield a simplerelation
between Q and &£. Small terms involving Cy, and Cy, have been
neglected,

(V/d)(E = iQ) = —8,Craf + N (35)
where C;, =Cy, — Cp and N is defined in Appendix A.

Aerodynamic Moment

The transverse aerodynamic moment exerted on the missile is
computed with respect to the center of mass and has contributions
from both the transverse aerodynamic force and the axial aerody-
namic force:

dM = —i(gid)lcpin+ cpr(nd/V)Ix —cpdldx  (36)

where M = M, +iM.. The total transverse aerodynamic moment
acting on the projectile can be obtained by integrating Eq. (36) and
adding the moment due to base pressure,

M = —i(81d)|Cyok + Cya(Ed/ V) +iCyg(Qd/V) — J5(1)

— L)@/ V) = J5(1)] (37)
where the C,; are given Appendix B.

Equations (23), (35), and (37) can now be combined to give a
simple second-orderdifferentialequation & and various integrals of
8:

LE + (ay — ipl )E + (ay + ipay)é = Jp + Jy +md*J;  (38)
where

az = _(gle/V)ngLa

a, = _(gle/V)(CMq + Cus — &CLa)

a = _(gld)l.CMDt +g3CLD(CMqJ

and Jr and Jy are defined in Appendix A.

For a typical missile g5 is less than 10~*, and the second term in
a; can be neglectedas well as a similar termin Jy . As a generalrule,
iQ can replace & in all of the aerodynamic force and aerodynamic
moment expressions. The rigid-projectilefrequencies and damping
rates can be computed from Eq. (38) for the right-side set equal to
zero. Very good approximations for the frequencies are'”

bix = | pL £/ (PL)? + 41,4, | /21,

Top + (A £ pl /4L or)pl /2],

12

k=1,2 (39)

where wg = 4/(a;/1,) is the rigid-projectile zero-spin frequency.

The aerodynamicroll moment is the x component of the aerody-
namic moment about the projectile’s center of mass. The linear roll
moment coefficient for a rigid finned projectile is usually expressed
in terms of a roll damping coefficient and a steady-state spin,

(Cé)linear = Cép(p - pss)(d/v) (40)

The steady-statespin is usually determined by a differential canting
of the fins caused either intentionally by the designer or uninten-
tionally by damage to the projectile.

The roll moment of one of the projectile’s thin disks is the sum of
the linear roll moment it has as part of a projectile and the quadratic
roll moment induced by the transverse aerodynamic force acting
on its lateral displacementrelative to the missile’s c.m. If we retain
only the dominant ¢, term in Eq. (26), the quadratic roll moment
has the form

(de)quadralic = L(dF:)S\ - (dF\)S:J

= (g1d)cs R{i[(E — T) + (8x — ixQ)(d/ V)15} dx (41)
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The total aerodynamic roll moment acting on the projectile, there-
fore, is

Mx = (gld)[(cé)linear + R{J9(t)}] (42)

where J is defined in Appendix A.
The nonlinear roll moment from Eq. (42) can be placed in the
spin equation (22) to yield

&P+ R{J; — 0Js — 8205} = 82(Co)iinear (43)

This equationis nonlinear due to the retention of all three quadratic
terms.

Flexing Motion of the Projectile
Classical beam theory for a circular beam assumes the beam to
be slender and the elastic moment exerted on the right of a cross-
sectional disk, M,, to be proportional to the second derivative of
the displacement of the beam. Although this is usually stated in a
coordinate system rotating with the beam, the rotational symmetry
of the beam allows us to state the proportionalityin the nonspinning

coordinates:
EI'\ 8%8g
e (d) dx? 44

where M, =M,, +iM,.. A similar proportionality for the elastic
shear force exerted on the right can be obtained from beam theory:

. d2 2 2
2 olany )gi 85/ 0x%)] )

For a homogenous circular rod with constant diameter, E/ is con-
stant, and the net elastic shear force on a disk is

aF, md 948
L —Ldx = —| — |? d 46
0x ( L )wo ox* * (46)

Note @y has the dimensions of a frequency and appears in the ex-
pression for the flexure frequencies of a free—free beam with no
aerodynamic force present:

wx = (g /L) 2wy (47)

where Ax =4.730,7.853,10.996, 14.137, etc.

A very common beam damping assumptionis the Kelvin—Voight
model (see Ref. 11) that requires the beam damping shear force to
be proportionalto the time derivative of the elastic shear force. This
time derivative,however, must be taken in rod-fixed coordinatesthat
rotate with the rod:

81:“( md A
8—xl x=—(T>wéde4dx (48)
where
1| 9 (976 _; ; 0" . .
s [a(a— )] = 200 g Ge ~ipbe)

and ¢y, is scaled by 2w1’l sothatk =1 correspondsto critical damp-
ing of the first elastic mode.

The aerodynamicshear forceis a combinationof the aerodynamic
force distributions ¢4 (x) and ¢, (x) appearing in Eq. (26) and the
drag-inducedmoment distributioncp (x) appearingin Eq. (33). Ac-
cording to Geradin and Rixen,'? the net aecrodynamic shear force on
adiskis

aF, aF A(cpd
— % dx = [——glﬂ}dx (49)
ax ax ax

Although ¢ and ¢, can have a finite number of jump discontinu-
ities, cp must have only a finite number of jump discontinuitiesin
its derivative.

The acceleration of a disk can be obtained by differentiating
Eq. (10) and using Eq. (12). The linear expression for the lateral
components of this accelerationis

agy +ia,. = F/m+ (@ —ixQ)d (50)

The equation of motion for each disk is, therefore,

§—ixQ+F d A A on
(ple)(%>=a—x(Fg+Ez+ﬂ) (51)

The aerodynamic force distribution and its integral, 0 F'/dx and F,
are available from Eqs. (26) and (32), and the other quantities are
provided by Egs. (35), (46), (48), and (49):

9%8 948 A . . d
8t2E (L)é 8x4E +(L)ékcd4_gQL[Cflr"_(Cer_CflaE)(V>
d(cpd . .
—%} =+E&+Ef+ixQ—N (52)

where E;(x) are defined in Appendix A. Equation (52) is based
on the usual assumptions of neglecting the canting inertia of the
spinning disks and any shear deformation. These small effects can
be calculated if desired.'

The boundary conditionsat x; are determinedby the aerodynamic
force and moment exerted on the overhanging fins. The elastic force
conditions have an additional term from the drag-induced moment
distribution'?:

338 (xy, t A
STI)+kcd3(x1,t)+g4c,)(x1)8(x1,t)
OF
= —(&>/ —dr=-afi (53)
81 x 0x
28p(x1, 1) -
Poetn ) +kea(xy, 1)
0x2

. 9F  _3F,
=—(&>/ [(x—xu——a ]dx=g4ml (54)
81/ Jy ox 0x

where f;, m; are defined in Appendix A. Similarly the boundary
conditions at x, are set by the aerodynamic force and moment ex-
erted on the nose extension

835£(XQ, t)
ox3

B AF
= (&>/ —dr=guf (55)
81 *2 0x

825E(XQ, t)
9x2

*3 oF oF,
— (&) / [(x — X)) — — 5—} dx = —gym, (56)
& . 0x 0x

If beam damping and drag are neglected and the aerodynamic struc-
ture does not extend beyond the rod (k =cp =xg; = x3 =0), the
boundary conditions reduce to those for a free—free beam:

338y  0%8g

o = Py =0 X = X1, Xo 57

+kegs (X2, 1) + g4cp(x)8(xa, 1)

+keg (xa, 1)

A fourth-order partial differential equation usually has four
boundary conditions. In this case, however, Eqgs. (4) and (5) rep-
resent two more conditions at x =0,

8:(0)=0 (58)
M =0 (59)
0x

These conditions look like the usual cantileverboundary conditions
for fixed coordinates but are actually specified by the movement of
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the coordinate system that is attached to the missile and tangent to
it at the midpoint. These midpoint conditions can be easily satisfied
for a finite difference calculation and need not be used as boundary
conditions.

Calculations of special solutions that assume a single-frequency
harmonic time variation and involve ordinary differential equa-
tions must satisfy these midpoint conditions. In this paper, these
solutions are calculated by pairs of differential equations in x for
the rod’s aft section (x; <x <0) and its fore section (0 <x <x,).
Equations (53), (54), (58), and (59) are boundary conditions for
the aft part and Eqgs. (55), (56), (58), and (59) are boundary condi-
tions for the fore part. This use of six boundary conditions implies
discontinuities in 8%8;/9x> and 3°8;/9x> at the central junction
point. These six boundary conditions for the ordinary differential
equations in x are not, however, independent, and it can be shown
that Eqs. (53) and (54) imply Eqs. (55) and (56) and vice versa.'?
Thus, the calculations will not have discontinuities in shear force
and moment at the junction point.

Bent Missile
If the rod were inelastically deformed on launch, its shape would
be represented by the sum of a fixed deformation rotating with the
missile and an elastic deformation:

0 = SE (x,1) + 8pp(x)e’? (60)
where
dégp(0 .
sen(0) = 22D _ g p=¢
dx

The local inclination of the rod and the lateral location of the c.m.
become

=T +Tge (61)
8. = 3.+ 8.5 (62)
where

~ 1 X2 - 1 X2
8. = (Z) /xl 8k dx 8¢ = (Z) /xl Sppdx

The location of the centerline of the disks relative to the projectile
c.m. is

§=238;— 5.+ 5z (63)
where
8p = 8kp — bcp
For the rigid aerodynamic structure extension,

Sep(x) = dpp(x1) + (x — x)Ip(xy) Xo =X =X

Spp(x) = 8pp(x2) + (x — x2)'p(x2) X <x<x3 (64)

Now I'p produces an aerodynamic force and moment that rotates
with the projectile. If the fins are bent with respect to the rod, an
additional differential force that rotates with the missile is produced
and must be added to Eq. (26),

dFgg = gics1Tpp(x)e’? dx (65)

where ['gr(x) is a measure of bent fin damage. If the fin damage
extends beyond the rear end of the rod, it will exert an additional
force and moment on the rod at x = x;. This bent fin force term
also has to be included in the quadratic roll moment appearing in
Eq. (43),

8P+ R{J; — OJs — 82(Jo + Jopr)} = 8(Co)inear (66)

where
0
J9BF = —i61¢/ CferF(Sd)C
X0

Equation (35) for the c.m. motion of the elastic missile, Eq. (37)
for the aerodynamic moment, and Eq. (23) for the missile’s angular
motion become

(V/d)(& —iQ) = —g>(Crok — Cypre'®) + N (67)
M = —i(g1d)| Cua + (Cua + Cug)(Ed/ V)
— J3(t) = Ju(0)(d/ V) = Js(t) — Cyrpre™ | (68)
L,Q —ipl,Q = —i(g1d)| Cro& + (Caa + Cuy)(Ed/ V)
— Cypre’? | — iy — imd®J (69)
where Cy gr and Cy, gr are defined in Appendix B. ~
In the flexing motion equation (51), 8 is replaced by & in the

elastic and damping force terms and the bent fins terms added to F'
and F, to obtain the partial differential equation for a bent missile,

%6 0%,
2% 2
ot? ox*

a d d(cpd)
—82L|:Cf1r + g(cfzr - CflaE)<V> T T

= E &+ E+ixQ — N — Egpe’® (70)

27~
+ (L)Ode4

In the boundary conditions specified by Egs. (53-59), 8. is replaced
by §; in the partial derivatives on the left side of the equations. The
conditionsat x; are modified by force or moment contributionsfrom
any fin damage between x, and x; that may have occurred.

Two Special Solutions

The general solution for the motion of a bent missile requires the
numerical integration of one partial differential equation [Eq. (70)]
and three ordinary differential equations [Egs. (66), (67), and (69)].
Two special solutions for constant spin involve only ordinary dif-
ferential equations and can be computed on a personal computer.

The first special solution is that for the steady-state motion of a
bent missile with a constant spin. This motion is called trim motion
and has the form

§=&re” (71)
SE = SETEW (72)
8 = (Bep + SET)EW = §pre”! (73)

For this motion, beam damping is zero (¢; =0), and &7 (p) and
Ser(p, x) for specific values of spin can be computed from a fourth-
order inhomogeneous differential equation.”

For trim motion, p = J; =0, Q = ip*&r, and Eq. (66) becomes a
simple equality of two functions of p:

L(p) = fi(p) (714)

Where

fi=p— P, fo= —R{i(P2/gz)§T Jor + J9T}(Cépd/ vy~

Equilibrium values of spin are determined by the intersection of
these two curves. These equilibrium spins locate spin lock-in pos-
sibilities. The stability of an equilibrium spin can be found by the
integrationof Egs. (66), (67), and (69-70) for nonconstantspin near
an equilibrium spin.

The second special solution is a harmonic transient solution to
the homogeneous equation. The general solution for constant spin
can be represented as the linear combination of the trim solution
and an infinite series of the transient solutions.
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Arigid symmetric finned missile flying with constantspin has two
natural frequencies ¢z and ¢,z, where ¢ = —¢,x. Each of the
flexure frequencies given by Eq. (47) would give rise to two coning
frequencieswg . The frequenciespresentin the motion of an elastic
projectilewould form an infinite sequence, where the first two would
be related to ¢,z and ¢z, and the later ones would evolve from
Twg, thatis, ¢ | Ewg and Pox 4 » = — wg. Transient solutions
of Egs. (38) and (52) have the form

£ =TeM (75)

8 = Y (x)Tre ™™ (76)
where

Ap =+ idy, Ti = Kype' ™

A fourth-order ordinary differential combined with a simple alge-
braic equation and appropriate boundary conditions can be numer-
ically solved" to yield A; and ¥ (x).

Induced Drag
The aerodynamicdrag force is directed along the velocity vector
and the linear normal force on a disk is perpendicular to the disk
axis, whichis canted at an angle of &€ — I' with respectto the velocity
vector. Thus, the normal force has a quadratic contribution to the
drag. This contributionis called induced drag and can be computed
for a pitching and flexing missile,

3 oF, oF.
81Cp; = _/ |:(,5 - F‘V)B_A + (o — l_':)—:| dx (77)
X ax

X0

Although the nonlinear axial flow along the rod has a quadratic
contribution to drag, this contribution is usually significantly less
than the induced drag.

The normal force distribution will be approximated by its domi-
nantterm g;cs(§ —I),

Cpr = / cp(E—T)E—T)dx=Cyole—EJ, —£J, + Jp

X0

where
- XS
Cy =Crnog — Jix = Jix + i, Jlk=/ Cr1Yy dx

X0

B dyy dy

X0

Numerical Results

The theory of this paper has been applied to a fin stabilized
20-caliberrod flying at 6000 ft/s. The finned missile has a 1-caliber
nose extensionand a 1-caliber fin extension (Fig. 3). The necessary
parameters for these missiles are given in Appendix C.

A measure of the flight flexibility of a missile is the ratio of
the first elastic frequency to the rigid-missile aerodynamic fre-
quency, 0 = w; /wg. The equations for the transient solution have
been solved for the first natural frequency ¢;, and the results are
plotted vs o in Fig. 4. This paper’s theory is compared with the
three-body theory and we see that it has a similar variation but pre-
dicts lower frequencies. Note that the frequency for o =5 is near
0.6 times the rigid-missile value. The first two flexing frequencies
¢3/w; and ¢s/w, are plotted vs o in Fig. 5. For small o, both fre-
quencies are slightly larger than the free—free beam values, but they
approach these values as o grows.

The forward end of therodbends away fromthe velocity vector for
the aerodynamic frequency (¥, < 0), whereas it bends toward the
velocity vector for the first two flexing frequencies. The magnitude
of the forward end motion is plotted against o in Fig. 6. At 0 =5,
we see that 0.1 rad of angular motion causes 0.18 diam of flexing

1 T T T T

0.9~ Three-Body Theory

Continuous Elastic Theory
0.8
0.7+

06

(78) st
where $/0x o4l
“ - 0.3}
J[) = / Cri I'T dx }
X0 0.2~
The first term in Eq. (78) is the well-known expression for the in- 0l
duced drag of a rigid missile. The induced drag for a particular
angular mode is % 1 2
(<3
Cpi =Cy K,fo (79) Fig.4 For finned missile, ¢1/wg vs o.
2d
T T [y
i
/ g 1 g : i j dr
_____ '_._._.._._.I_._._._‘_._._._._._ A .__._:._._...._._._._.._._._..l_._._._._._._._.._._. I._._.L....__Ir_._..
i | i : 2d ! 24 " i
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4 1od | 10d s d—
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1

Fig.3 Finned missile.
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Fig.7 Fork=1,3,and 5, \;/wg vs o.

motion. For the flexing frequencies one diameter of flexing motion
is associated with 0.018 rad (1.0 deg) of angular motion for the
first flexing mode and 0.072 rad (4.1 deg) of angular motion for the
second flexing mode.

_The damping rates of the three modes for no beam damping
(k=0) are plotted vs o in Fig. 7. The damping rate for the first flex-
ing mode is 30% less than that for the aerodynamic mode, whereas
the damping rate for the second flexing mode is 55% less than that
for the aerodynamic mode. In Fig. 8 A| /wy is plotted vs p/wy for

0.04 T T T g T T

A
k=0
0.02 8 .
i k=005 -——- . 1
I
k=0

0.021 e -
A foq R -~
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Fig.8 For o =5and k=0,0.05,and 0.10, \;/wg vs plwg.
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Fig. 9 For bent finned missile at o = 5, |£7/&7ro| Vs p/wr.

two nonzero values of beam damping and o = 5. For this value of
0, ¢1/wg is 0.6, and beam damping reduces the damping rate when
p/wg exceedsthis value. The behaviorwas first observedby Platus!
and predicted by the three-body theory.’

The induced drag coefficient for the aerodynamic mode is 12%
less than that for a rigid missile at o = 5. Although the nose of the
elastic missile bends to a larger angle of attack, the fins bend to a
lesser angle of attack and the net effect is less induced drag. The
induced drag coefficients for the two flexing modes have been cal-
culated, and it was found that for the same amplitude motion the
induced drag for the symmetric mode is twice that for the antisym-
metric mode. Because both ends of the missile bend to a lesser angle
of attack for the antisymmetric mode, this mode should have much
smaller induced drag.

For the bent missile calculations we will assume no fin damage
(I'gr =0) and the bent rod will be described by a pair of quartic
curves:

Spp = dyx? +dyx* —-10<x <0

= d,x? + dypx* 0<x<10 (80)
We will assume the rear of the rod is undeformed (d,; =d,; =0)
and the values of d|, and d», are given in Appendix C.

In Fig. 9, the magnitude of the ratio of the trim angle of attack to
the zero spin trim angle of a rigid missile is plotted vs spin foro = 5.
The zero spin trim angle of the elastic missile is aboutfour times that
of a rigid missile. The first resonant peak is near p/wz =0.6 and
shows a fivefold magnification of the zero spinelastic trim. A smaller
resonant peak occurs at the elastic frequency near 5 and much larger
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Fig.11 For bent finned missile at o =5, fj/wg vs p/wg.

resonantpeak near 14. The magnitude of the rod deflection is plotted
vs p/wg in Fig. 10. The trim deflection for the first elastic mode is
about eight times that for the aerodynamic mode, whereas the trim
deflection for the second elastic mode is three times that for the first
elastic mode.

In Fig. 11, f, is plotted vs p/wg. A sample f; line for
Pss/wr =6.5 is also shown. The intersections of these curves are
loci of possible spin—yaw lock-ins. The actual occurrence of lock-in
would be shown by integration of the partial differential equation
for flexing motion. The three-body theory of Ref. 5 showed the first
and third intersections to be locations of spin—yaw lock-in.

Conclusions

The free-flight motion of a symmetric elastic missile can be de-
scribed by two second-orderordinary differentialequationsand one
fourth-order partial differential equation. The resulting motion con-
tains two aerodynamic frequencies and an infinity of elastic fre-
quencies. The presence of elasticity causes a reduction in the aero-
dynamic frequencies as the stiffness decreases. The presence of
aerodynamicloads causes the elastic frequenciesto increase as stiff-
ness decreases.

The elastic modes are damped by the aerodynamic loads but at
a lesser rate than the aerodynamic modes. Beam damping damps
the aerodynamic mode when spin is less than the aerodynamic fre-
quency and undamps it when the spin exceeds it. The induced drag
for the aerodynamic mode is less for an elastic missile than for a
rigid missile.

The trim angular motion and its associated flexing motion have
resonant amplification when spin is near a transient frequency, and
pairs of spin equilibriums can occur at each frequency. The three-
body theory indicates one of each pair can cause spin—yaw lock-in.

Appendix A: Functions

X3 X3
Jl(t)I/ cfll"dx, J2(t)=/ (CfQF—CfI(SE)d)C

X0 X0

X3
J’;(t)I/ cfll"xdx,

X0

x3 1 x2
J5(I)=/ c,)adx-l—é(xl)c,)bp Jg(t)= (Z)/ )C(SEd)C
X0 X1
1 2
Jor(p, 1) = (Z)/ x8pr dx
x|
i 2o .-
J7(f)=—(z>/ 8 +T,IN)dx
x|
1 2o
Jg(t) = | — I —2ipl’
5(1) (16L>~[1 ( ip') dx

3 . d _

X3
JQBF(t) = ie’”’/ cferFde

X0

X3
J4(t)=/ (cml"—cfldg)xdx
X0

Jor(p, 1) = i/ ‘ Cr1 |:(ET —I'y — Tgp)

X0

d\ |-
+@er — Xér)(%)}ar dx

. (d
Je () = —(gld)|:J3 + (7) + Js:|

. d
Iv(@®) =[N — (iplx)N](7>

N L (88 . -
Gar =20 ‘%(7 i} ’”“)

N(f)=gz[11+fz(v>:| — bcs E\(x) = g2(Cno — Lcyy)

d
Ey(x) = g2[Cns + Cng — LQ2csp — xC41)] (V)

Egr = g2(Cnpr — Lcy1I'sr)

(T = 2ipT +iQ)
16

fit) = LIEW@) — T, O]+ [Iné) + Lidg (x1, 1)

. d
+ (5 - Is)r(xl,t)J(7>

o) = LIER) — T(x2, O] + [[12E (1) + L3 (x2, 1)

. d
+ Uy - Is)r(xz,f)](7>

my (1) = LIE®) — T (xy, O]+ [1:E (@) + Lg (x,, 1)

I (x, 1) =

. d
+ Iy — [7)F(X1sl‘)](7> —mip
my(t) = LIE() — T (xy, )]+ [114E (1) + g (xa, 1)

. d
+ (1o — )T (x2, )] (V) —myp



98

MURPHY AND MERMAGEN

mip(t) = ILipldp(x, 1) — 8. (O] + Lipl(xy, 1)

myp(t) = Lp[dp(x2, 1) — 8. ()] + L4ipT'(x2, 1)

Appendix B: Aerodynamic Integrals and Boundary
Conditions Integrals

X3
CNa=/ cfldx,

x0
X3
CNq=/ (CfQ_fol)dx,
x0

X3
CNdz:/ cppdx,
X0

X3
Cyer = / CferFdX,

X0

X1
[12/ Cfldxv
X0

X1
I3 =/ (x —xp)cyy dx,
X0

X1
[5:/ Cdex,
X0

X1
I; = (x —xp)ep dx,

X0

X1
Iy = / (x —x1)20f1 dx,
X0

Ly =2 -1 —x 1,
Iy =20 =1y —x I3,

X1
[11)2/ C[)dx+cl)bpv

X0

X1
Lp =/ (x —xpepdx,
X0

X1
I gp =/ cpTppdx,

X0

X3
CMa=/ cflxdx

X0

X3
CMq=/ (CfQ_fol)xdx
x0

X3
CMd=/ CfQ.xd)C

X0

X3
Cusr =/ cpTppx dx

X0

X3
[2 2/ Cfldx
X2

X3
I, = / (x — xy)cppdx
X2

X3
16 = / Cdex
X2

Iy = (x — xy)cppdx

X2
X3
' =/ (x —x)%cpy dx
X2

Iy =2Is — I, —x; 1,
Ly =2Iy — )y — x,14

x3
Lp = / cpdx

X2
X3
Lip =/ (x — xp)cp dx
X2
X1

L3pp =/ (x —x))ep Mppdx

X0

Appendix C: Finned Missile Parameters

L =20
d =0.107m
m =51.1kg

I, = 0.073 kg-m?
I, = 19.47 kg-m®

V =1830m/s
p = 1.03 kg/m®
X = Xp3 = 1
a, = 335 m/s

a, =2[/(Vjay — 1]

cr=4(11-1x) 10 <x <11
=210 —5<x<10
=—2/7)(15+ 3x)a, —7<x=<-5

=(12/7)ay

11 <x=<-7

cra=2(11—x)? 10<x <11

=2+0.5(1—0-10) —5<x<10
=2.5+ (1/37)(15 + 3x)%a; —T<x<-5
=2.5—(12/m)(6 + x)a, —11<x=<-7
ep =(0.30)(11 — x) — 0.295¢710¢ =19 10 <x <11
=0.0050 —5<x<10

=0.0050 — 0.025(5 + x) —-T<x=<-5

=0.0100 “1l<x<-7
Ccppp = 0.14 C,=-18
dyy = 1073 dyy = —0.25x 1075
Cne =97 Che = =344
Cyy = —980 Cya = —190

References

IPlatus, D. H., “Aeroelastic Stability of Slender, Spinning Missiles,” Jour-
nal of Guidance, Control, and Dynamics, Vol. 15,No. 1, 1992, pp. 144-151.

2Legner, H. H, Lo, E. Y., and Reinecke, W. G., “On the Trajectory of
Hypersonic Projectiles Undergoing Geometry Changes,” AIAA Paper 94-
0719, Jan. 1994.

3Mikhail, A. G., “In-Flight Flexure and Spin Lock-in for Antitank Kinetic
Energy Projectiles,” Journal of Spacecraft and Rockets, Vol. 33,No. 5, 1996,
pp. 657-664; also U.S. Army Research Lab., Rept. ARL TR—882, Aberdeen
Proving Grounds, MD, Oct. 1995.

4Heddadj, S., Cayzac, R., and Renard, J., “Aeroelasticity of High L/ D Su-
personic Bodies: Theoretical and Numerical Approach,” AIAA Paper 2000-
0390, Jan. 2000.

5Murphy, C. H., and Mermagen, W. H., “Flight Mechanics of an Elas-
tic Symmetric Projectile,” Journal of Guidance, Control, and Dynamics,
Vol. 24, No. 6, 2001; also U.S. Army Research Lab., Rept. ARL TR-2255,
AD A390525, Aberdeen Proving Grounds, MD, April 2000.

®Murphy, C. H., “Some Special Cases of Spin-Yaw Lock-In,” Journal of
Guidance, Control, and Dynamics, Vol. 12, No. 6, 1989, pp. 771-776; also
U.S. Army Ballistic Research Lab., Rept. BRL MR 3609, AD A185295,
Aberdeen Proving Grounds, MD, Aug. 1987.

"Wood, R. M., and Murphy, C. H., “Aerodynamic Derivatives for Both
Steady and Nonsteady Motionof Slender Missiles,” Journal of the Aerospace
Sciences, Vol. 22, No. 12, 1955, pp. 670, 671; also U.S. Army Ballistic
Research Lab., Rept. BRL MR 880, AD 66178, Aberdeen Proving Grounds,
MD, April 1955.

8Munk, M. M., “The Aerodynamic Forces on Airship Hulls,” NACA TR
184, 1923.

9Devan, L., and Mason, L. A., “Aerodynamics of Tactical Weapons to
Mach Number 8 and Angle of Attack 180: Part II Computer Program
and Users Guide,” Naval Surface Weapons Center, NSWC-TR-81-358,
Dahlgren, VA, Sept. 1981, URL: http:/stinet.dtic.mil [cited 4 February
2002].

1"Murphy, C. H., “Free Flight Motion of Symmetric Missiles,” U.S. Army
Ballistic Research Lab., BRL Rept. 1216, AD 442757, Aberdeen Proving
Grounds,MD, July 1963, URL: http://stinet.dtic.mil [cited 4 February 2002].

deSilver, C. W., Vibration Fundamentalsand Practice, CRC Press, New
York, 2000, p. 351.

12Geradin, M., and Rixen, D., Mechanical Vibrations: Theory and Ap-
plications to Structural Dynamics, Wiley, Chichester, England, U.K., 1994,
pp. 179-201.

3Murphy, C. H., and Mermagen, W. H., “Flight Motion of a Continu-
ously Elastic Finned Missile,” U.S. Army Research Lab., TR-2754, AD 403
876, Aberdeen Proving Grounds, MD, June 2002, URL: http://stinet.dtic.mil
[cited 4 February 2002].



